Introduction
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of G on C 1 × . . . × C n is free, then X is a so called variety isogenous to a (higher) product of curves (of unmixed type) . These varieties were introduced and studied by the second author in [Cat00] , mainly in the case n = 2. In this case the universal cover of X is the product of n copies of the upper half plane H × . . . × H.
We drop here the hypothesis that G acts freely on C 1 ×. . .×C n . Then X has singularities, but since they are cyclic quotient singularities, they can be resolved, in the case where they are isolated singularities, by a simple normal crossing divisor whose components are smooth rational varieties ([Fuji74] ). By van Kampen's theorem this implies that the fundamental group of X is equal to the fundamental group of a minimal desingularisation S of X.
One of the preliminary observations of [Cat00] is the following:
Proposition 0.1. Let X := (C 1 ×. . .×C n )/G be isogenous to a product as above. Then the fundamental group of X sits in an exact sequence
where π g i := π 1 (C i ), and this extension is determined by the associated maps G → Map g i := Out(π g i ) to the respective Teichmüller modular groups.
If one drops the assumption on the freeness of the action of G on (C 1 × . . . × C n ), there is no reason that the behaviour of the fundamental group of the quotient should be similar to the above situation. Nevertheless it turns out that, as an abstract group, the fundamental group admits a very similar description.
Before giving the main result of the first part of our paper, a structure theorem for the fundamental group of X = (C 1 × . . . × C n )/G, we need the following Definition 0.2. We shall call the fundamental group π g := π 1 (C) of a smooth compact complex curve of genus g a surface group.
Note that we admit also the "degenerate cases" g = 0, 1. Theorem 0.3. Let C 1 , . . . , C n be compact Riemann surfaces of respective genera g i ≥ 2 and let G be a finite group acting faithfully on each C i as a group of biholomorphic transformations. Let X = (C 1 × . . . × C n )/G, and denote by S a minimal desingularisation of X. Then the fundamental group π 1 (X) ∼ = π 1 (S) has a normal subgroup N of finite index which is isomorphic to the product of surface groups, i.e., there are natural numbers h 1 , . . . , h n ≥ 0 such that N ∼ = π h 1 ×. . .×π hn .
Remark 0.1. In the case of dimension n = 2 there is no loss of generality in assuming that G acts faithfully on each C i (see [Cat00] ). In the general case there will be a group G i , quotient of G, acting faithfully on C i , hence the strategy should slightly be changed in the general case.
We shall now give a short description of the proof of theorem 0.3 in the case n = 2. The case where n is arbitrary is exactly the same.
We need the following definition of an orbifold surface group: The above definition shows that an orbifold fundamental group is the factor group of the fundamental group of the complement, in a complex curve C ′ of genus g ′ , of a finite set of r points {p 1 , . . . , p r }, obtained by dividing modulo the normal subgroup generated by γ m 1 1 , . . . , γ mr r , where for each i γ i is a simple geometric loop starting from the base point and going once around the point p i counterclockwise (cf. [Cat00] ).
Hence, by Riemann's existence theorem, to give an action of a finite group G on a curve C of genus g ≥ 2 is equivalent to giving: 1) the quotient curve C ′ := C/G 2) the branch point set {p 1 , . . . p r } ⊂ C ′ 3) an isomorphism of a quotient of the fundamental group π 1 (C ′ \ {p 1 , . . . p r }) with T(g ′ ; m 1 , . . . , m r ), such that the given generators of T(g ′ ; m 1 , . . . , m r ) are image elements of a standard basis of π 1 (C ′ \ {p 1 , . . . p r }). This means that a 1 , b 1 , . . . , a g ′ , b g ′ are image elements of a basis of the fundamental group of C ′ , while each c i is the image of a simple geometric loop around the point p i . 4) a surjective homomorphism
is an element of order exactly m i and 6) Hurwitz' formula holds:
Therefore in our situation we have two surjective homomorphisms
Then the exact sequence
where π g i := π 1 (C i ), induces an exact sequence
Here ∆ G ⊂ G × G denotes the diagonal subgroup.
Definition 0.5. Let H be a group. Then its torsion subgroup Tors(H) is the normal subgroup generated by all elements of finite order in H.
The first observation is that one can calculate our fundamental groups via a simple algebraic recipe:
In this algebraic setup, we need to calculate H(G; ϕ 1 , ϕ 2 )/Tors(H). Strangely enough our proof is rather indirect, and we have no direct geometric construction leading to our result.
The strategy is now the following: using the structure of orbifold surface groups we construct an exact sequence
is a subgroup of finite index in a product of orbifold surface groups. Condition ii) implies that Ψ(Ĥ) is residually finite and "good" according to the following Definition 0.6 (J.-P. Serre). Let G be a group, and letG be its profinite completion. Then G is said to be good iff the homomorphism of cohomology groups
is an isomorphism for all k ∈ N and for all finite G -modules M.
Then we use the following result due to F. Grunewald, A. JaikinZapirain, P. Zalesski. 
Now, Ψ(Γ) is a subgroup of Ψ(Ĥ) of finite index, whence of finite index in a product of orbifold surface groups, and Ψ|Γ is injective. This easily implies our result.
In the second part of the paper we use the above results in order to study the moduli spaces of surfaces S of general type with p g (S) = q(S) = 0. The first construction of such surfaces was done independently in the 1930's by Lucien Godeaux, who constructed a surface with K 2 S = 1, and by Luigi Campedelli, who constructed a surface with K 2 S = 2. In the 1970's there was a big revival of interest in the construction of these, and in a possible classification. A relatively short list of new examples appeared (see the account in the book [BPV84] , and see also [BHPV04] for an updated longer list).
While the investigation of the moduli spaces of surfaces S of general type with p g (S) = q(S) = 0 might be (as our research indicates) an almost impossible task, for instance since there are hundreds of irreducible components, it makes sense to try to distinguish these components analysing the possible fundamental groups that these surfaces can have. Our results here give a substantial contribution to the above question, determining the fundamental groups that one obtains by taking the minimal resolution of the quotient of a product of curves by the action of a finite group.
In particular we give in this paper the following complete classification result:
Theorem 0.8. All the surfaces X := (C 1 × C 2 )/G, where G is a finite group with an unmixed action on a product C 1 ×C 2 of smooth projective curves C 1 , C 2 of respective genera g 1 , g 2 ≥ 2 such that: Let us briefly illustrate the strategy of proof for the above theorem. The first step is to show that, under the above hypotheses, the singularities of X are either 0, 2, 4 or 6 nodes (A 1 -singularities). And, according to the number of nodes, K 2 X = K 2 S ∈ {8, 6, 4, 2}. Since all surfaces isogenous to a product (i.e., with 0 nodes) and with p g (S) = q(S) = 0 have been completely classified in [BCG08] , we restrict ourselves here to the case of 2, 4, resp. 6 nodes.
Note furthermore that the assumption q = 0 implies that C i /G is rational, i.e., g
We know that X determines the following data
• a finite group G,
• two polygonal groups T 1 := T(0; m 1 , . . . , m r ), T 2 := T(0; n 1 , . . . , n s ), of respective signatures T 1 = (m 1 , . . . , m r ), T 2 = (n 1 , . . . , n s ) • two surjective homomorphisms (preserving the order of the generators) ϕ i : T i → G, such that the stabilizers fulfill certain conditions ensuring that X has only 2, 4 or 6 nodes respectively. Our main result (of the second part), summarized in table 1, contains moreover the description of the first homology group H 1 (S, Z) (the abelianization of π 1 (S)), and an indication of the number of connected families that we construct in each case.
Some more words about the proof: first of all we use the combinatorial restriction imposed by the assumption p g (S) = 0, and the conditions on the singularities of X, in order to determine the possible signatures T 1 = (m 1 , . . . , m r ), T 2 = (n 1 , . . . , n s ) of the respective polygonal groups. This is done by a MAGMA script.
Having found, for each possible value of K 2 := K 2 S , a finite list of possible signatures, we show then that there are only finitely many groups to consider.
We proceed then using two MAGMA functions. The first one, ExistSphericalGenerators, determines whether a finite group is a quotient of a polygonal group of given signature. The second one, ListGroups computes, for each K 2 , all possible triples (T 1 , T 2 , G), where G is a group of order |G| = 8α 1 α 2 K 2 , which is a quotient of both polygonal groups (of respective signatures T 1 , T 2 ).
As a matter of fact, our code skips those pairs of signatures giving rise to groups of order 1024 or bigger than 2000, since these cases are not covered by the MAGMA SmallGroup database of finite groups.
The code skips also the case |G| = 1152, since there are more than 10 6 groups of this order and this causes extreme computational complexity. All the cases left out by our program are then treated via case by case computer calculation. = 0, K 2 = 6 and with finite fundamental group. In the last section, we give some other new examples of surfaces S with p g = q = 0 obtained as the minimal desingularization of quotients X = (C 1 × C 2 )/G, but having this time worse singularities than nodes. Since in a forthcoming paper there will be a complete classification of those, we limit ourselves here to presenting these examples very briefly.
Notation
In this section we collect the notation we use throughout the paper. G : a finite group. C i : a smooth compact (connected) curve of genus g i ≥ 2. Given natural numbers g ≥ 0; m 1 , . . . , m r ≥ 1 the orbifold surface group T(g; m 1 , . . . , m r ) of genus g , multiplicities m 1 , . . . , m r ≥ 1 and signature (g; m 1 , . . . , m r ) is the group generated by a 1 , b 1 , . . . , a g , b g , c 1 , . . . , c r with relations (4) c
For g = 0 we get the polygonal group For r = 0 we get the surface group of genus g
An appropriate orbifold homomorphism ϕ : T(g ′ ; m 1 , . . . , m r ) → G: a surjective homomorphism such that γ i := ϕ(c i ) has order exactly m i .
Given two surjective homomorphisms
we define the fibre product H := H(G; ϕ 1 , ϕ 2 ) as
Finite group action on products of curves
The following facts will be frequently used without explicit mention in the subsequent chapters.
The following is a reformulation of Riemann's existence theorem: 
If this is the case, then g ′ is the genus of
. . , p r with branching indices m 1 , . . . , m r , respectively.
Moreover, if we denote by γ i ∈ G the image of c i under ϕ, then
is the set of stabilizers for the action of G on C.
Assume now that there are two homomorphisms
We will assume in the following that g(C 1 ), g(C 2 ) ≥ 2, and we consider the diagonal action of G on C 1 × C 2 .
If G acts freely on C 1 × C 2 , then S := (C 1 × C 2 )/G is smooth and is said to be isogenous to a product. These surfaces were introduced and extensively studied by the second author in [Cat00] , where the following crucial weak rigidity of surfaces isogenous to a product was proved (see also [Cat03] ). In particular, any flat deformation of a surface isogenous to a product is again isogenous to a product. Observe that this property does not hold any longer if the action is not free.
Moreover, the fundamental group of S = C 1 × C 2 /G sits inside an exact sequence
This extension is determined by the associated maps to the Teichmüller modular groups.
Remark 2.3. In and [BCG08] we completely classified the case where G acts freely on
In this paper we drop the condition that the action of G on C 1 × C 2 is free and we are mainly interested in the following two questions:
• what is the fundamental group of X := (
• is it still possible to classify these quotients under suitable restrictions on the invariants of a minimal resolution of singularities of X?
Remark 2.4. If the diagonal action of G on C 1 ×C 2 is not free, then G has a finite set of fixed points. The quotient surface X := (C 1 × C 2 )/G has a finite number of (finite) cyclic quotient singularities, which are rational singularities. Since, as we will shortly recall,the minimal resolution S → X of the singularities of X replaces each singular point by a tree of smooth rational curves, we have,by van Kampen's theorem, that π 1 (X) = π 1 (S) .
Note that by a result of A. Fujiki (cf. [Fuji74] ), the exceptional divisors of a resolution of singularitiesX of (C 1 × . . . × C n )/G consists, in the case where the singularities are isolated points, of a union of irreducible rational varieties intersecting with simple normal crossings. Therefore
Remark 2.5. 1) Assume that x ∈ X is a singular point. Then it is a cyclic quotient singularity of type 1 n (1, a) with g.c.d(a, n) = 1, i.e., X is locally around x the quotient of C 2 by the action of a diagonal linear automorphism with eigenvalues exp(
). This follows since the tangent representation is faithful on both factors.
The particular case where a = −1, i.e., the stabilizer has a tangent representation with determinant = 1, is precisely the case where the singularity is a RDP (Rational Double Point) of type A n−1 .
2) We denote by K X the canonical (Weil) divisor on the normal surface corresponding to i * (Ω 2 X 0 ), i : X 0 → X being the inclusion of the smooth locus of X. According to Mumford we have an intersection product with values in Q for Weil divisors on a normal surface, and in particular we consider the selfintersection of the canonical divisor,
which is not necessarily an integer. K 2 X is however an integer (equal indeed to K 2 S ) if X has only RDP's as singularities (cf. [Rei87] ).
The resolution of a cyclic quotient singularity of type 1 n (1, a) with g.c.d(a, n) = 1 is well known. These singularities are resolved by the so-called Hirzebruch-Jung-strings. More precisely, let π : S → X be a minimal resolution of singularities and let
. Then E i is a smooth rational curve with E 2 i = −b i and E i · E i+1 = 1 for i ∈ {1, . . . , m − 1} and zero otherwise. The b i 's are given by the formula n a
where the rational numbers a i are determined by the conditions
The index r of the singularity x is now given by r = min{λ ∈ N|λa i ∈ Z, ∀i = 1, . . . , m}.
Observe that the above formulae allow to calculate the self intersection number of the canonical divisor K S of a minimal resolution of the singularities of X. The next result gives instead a formula for the topological Euler characteristic e(S) of a minimal resolution S of singularities of X.
(1, a i ). Let p : C 1 × C 2 → X be the quotient morphism and let π : S → X be a minimal resolution of the singularities of X. Denote by l i the length of the resolution tree of the singularity p i . Then
Proof. Let X * := X\{p 1 , . . . , p k }. Then, using the additivity of the Euler number for a stratification given by orientable manifolds (see e.g.
[Cat00]), we can compute and obtain
An immediate consequence of the previous proposition is the following: Corollary 2.7. Assume that the singular points p 1 , . . . p k of X = (C 1 × C 2 )/G are ordinary double points (i.e., A 1 singularities). Let π : S → X be a minimal resolution of singularities. Then
Proof. Here l i = 1 for each i.
3. The fundamental group of (C 1 × C 2 )/G.
Assume that X = (C 1 × C 2 )/G, where G is a finite group with an unmixed action on C 1 × C 2 (it has a finite number of fixed points). In the general case one lets f ′ : S ′ → C ′ 1 be the relatively minimal model of f 1 , and says that f ′ is an isotrivial fibration.
As already observed in remark 2.4, we have π 1 (X) = π 1 (S), for each resolution S → X of the singularities of X.
The aim is now to determine the fundamental group of X in terms of the following algebraic data: i) the group G together with ii) the two surjective homomorphisms
In fact, H := H(G; ϕ 1 , ϕ 2 ) is defined by the following cartesian diagram
The surjectivity of the homomorphisms ϕ 1 and ϕ 2 implies that for each h 1 ∈ T 1 there exists an element h 2 ∈ T 2 such that (h 1 , h 2 ) ∈ H.
The exact sequence
Definition 3.3. Let H be a group. Then its torsion subgroup Tors(H) is the (normal) subgroup generated by all elements of finite order in H.
We have the following Proposition 3.4. Let G be a finite group and let ϕ 1 :
Proof. It follows from the main theorem of [Arms65] , [Arms68] since the elements of finite order are precisely those elements of T 1 × T 2 which have fixed points.
The structure theorem for fundamental groups of quotients of products of curves
The aim of this section will be to prove the following result Theorem 4.1. Let T 1 , . . . , T n be orbifold surface groups and assume that there are surjective homomorphisms ϕ i :
Then H/Tors(H) has a normal subgroup N of finite index isomorphic to the product of surface groups π g 1 × . . . × π gn .
In particular, we have an exact sequence
where G ′ is a finite group.
or in other words, if
Tors(H) = {1}, this is just the exact sequence (11) (here G = G ′ ). Morally speaking, our theorem means that even admitting fixed points of the action of G the structure of the fundamental group of the quotient of a product of curves by G (or equivalently of a minimal resolution of singularities) is not different from theétale case.
In order to keep the notation down to a reasonable level we shall give the proof of theorem (4.1) only for the case n = 2. The proof for the general case is exactly the same.
Let now g ′ , m 1 , . . . , m r be natural numbers and consider an orbifold surface group T := T(g ′ ; m 1 , . . . , m r ).
In the sequel we will frequently use the following well known properties of orbifold surface groups: Proof. Cf. [Bear83] .
Definition 4.4. Let R ≤ T be a normal subgroup of finite index and let L be an arbitrary subset of T. We define
to be the normal subgroup in T generated by the set
and denote the corresponding quotient bŷ
The elements in the image of L inT(R, L) are centralized by a finite index subgroup ofT. The proof of proposition 4.5 follows easily from the following lemma. Even though this lemma is a consequence of a deep theorem of Schur (see [Hupp67] ), we prefer to give a short and self contained proof.
Lemma 4.6. Let H be a group such that i) H is generated by finitely many elements of finite order, ii) the center Z(H) has finite index in H. Then H is finite.
Proof. By ii) it suffices to show that Z(H) is finite. Observe first that since Z(H) has finite index, it is finitely generated.
Assume to the contrary that Z(H) is infinite. Writing the multiplication of Z(H) additively, we denote by mZ(H) the subgroup of Z(H) consisting of m-th powers. Since Z(H) is an infinite, finitely generated abelian group we infer that Z(H)/mZ(H) is non trivial for every m ∈ Z \ {1, −1}. Note also that mZ(H) is normal in H.
We choose m now coprime to the order of H/Z(H) and also coprime to the orders of the generators of H. Consider the exact sequence
By our choice of m this sequence splits (cf. [Hupp67] ), whence H/mZ(H) is a semi-direct product of Z(H)/mZ(H) and H/Z(H). Since Z(H)/mZ(H) is central in H/mZ(H) we infer that H/mZ(H) is isomorphic to the direct product of Z(H)/mZ(H) and H/Z(H). Therefore there is a surjective homomorphism H/mZ(H) → Z(H)/mZ(H), a contradiction.
Proof. (of prop. (4.5)). Let N be the normal subgroup ofT generated by the set L and denote byR the image of R inT. Since each conjugate of a c l i i is centralised byR, and sinceR has finite index inT, finitely many of the conjugates of the c l i i suffice to generate N. Hence the group N is generated by finitely many elements of finite order. Now,R ∩N has finite index in N. By constructionR ∩N is a central subgroup of N. Therefore the second condition of lemma 4.6 is fulfilled, and we conclude that N is finite. Then there are k 1 , . . . , k r ∈ N, such that k i |m i ∀i = 1, . . . r such that
In particular, the quotient group T(g ′ ; m 1 , . . . , m r )/ L T(g ′ ;m 1 ,...,mr) is again an orbifold surface group.
Proof. The normal subgroup L T(g ′ ;m 1 ,...,mr) is clearly normally generated by a set of the form {c
Remark 4.8. Let R ≤ T be a normal subgroup of finite index and let L be an arbitrary subset of T.
Note
is a finite normal subgroup ofT(R, L) and
Hence we haveT
We want to apply the above general considerations to our situation. For this purpose we have to fix some more notation.
We fix two generalized polygonal groups
and
[a
together with two surjective homomorphisms ϕ 1 :
the respective kernels. If ϕ 1 and ϕ 2 are appropriate orbifold homomorphisms, then R 1 and R 2 are both isomorphic to surface groups (else, they are just orbifold surface groups). Define further
Lemma 4.9. Let G be a finite group and let ϕ 1 : T 1 → G, ϕ 2 : T 2 → G be two surjective group homomorphisms. 1) Then there is a finite set N 1 ⊂ T 1 × T 2 of elements of the form
which have the property that a)
3) The two sets N 1 , N 2 can be moreover chosen in such a way that the following further condition holds:
2 ) is an element of N 1 . Proof. Every element of finite order in H is of the form
2 ), where c ∈ C, d ∈ D, l, n ∈ N and z i ∈ T i . Since there is an element in H of the form (z 1 , f ) we can say that every element of finite order in H is conjugate in H to an element of the form (c 
Lemma 4.10. Under the same assumptions as in lemma (4.9), the following holds:
Proof. We have (k, 1) ∈ H(G; ϕ 1 , ϕ 1 ) for every k ∈ R 1 . From
the first claim follows. The second claim follows by symmetry.
Definition 4.11. We define L i ⊂ T i as follows: L 1 is the set of first components of elements of N 1 , L 2 is the set of second components of elements of N 2 .
Now the two homomorhisms
Let's take then the fibre product
We shall define now a homomorphism
as follows: for (x 0 , y 0 ) ∈Ĥ(G;φ 1 ,φ 2 ) choose (x, y) ∈ T 1 × T 2 such that x maps to x 0 under the quotient homomorphism T 1 →T 1 and y maps to y 0 under the quotient homomorphism T 2 →T 2 . We have ϕ 1 (x) =φ 1 (x 0 ), ϕ 2 (y) =φ 2 (y 0 ), hence (x, y) ∈ H(G; ϕ 1 , ϕ 2 ). We set (18) Φ((x 0 , y 0 )) := (x, y) mod Tors(H(G; ϕ 1 , ϕ 2 )).
Lemma 4.10 shows that Φ is well defined. Obviously, Φ is a homomorphism. We have Lemma 4.12.
where E is a finite group.
Proof. Φ is clearly surjective. Let (x 0 , y 0 ) ∈ ker(Φ). Then (x, y) ∈ Tors(H), hence x 0 is an element of E(R 1 , L 1 ) by the definition of E(R 1 , L 1 ). Analogously, y 0 ∈ E(R 2 , L 2 ).
We are now ready to prove theorem (4.1).
both have finite kernel. They may be put together to give a a homomorphism
again with finite kernel. Notice that
where E is the kernel of Φ, as in (19). We need the following:
Lemma 4.13. The subgroup
is of finite index.
Because of the above lemma and because of (21), we have proved that there is a subgroup of finite index
Hence, we obtain exact sequences
where E 1 , E 2 are finite normal subgroups: since Ψ factors through H(G; ϕ 1 , ϕ 2 )/Tors(H(G; ϕ 1 , ϕ 2 )) (cf. (21)). Moreover, H, as a subgroup of finite index in the direct product
of orbifold surface groups, is residually finite. But this property is not sufficient for our purposes. We need the following notion of cohomological goodness, introduced by J.P. Serre in [Serre94] , and very important for the comparison of a group with its profinite completion. 
is an isomorphism.
In [GJZ08] it is shown that a direct product of good groups is good, that a subgroup of finite index of a good group is again good, whence it follows that H is also good (since orbifold surface groups are good). This allows us to apply the following result. 4.15. (Prop. 6.1., [GJZ08] ). Let F be a residually finite, good group, and let φ : H → F be a surjective homomorphism with finite kernel K. Then H is residually finite.
This implies that H(G; ϕ 1 , ϕ 2 )/Tors(H(G; ϕ 1 , ϕ 2 )) is residually finite. Therefore (and because E 2 is finite) there is a normal subgroup of finite index
such that Γ ∩ E 2 = {1}. Let Ψ 1 : H(G; ϕ 1 , ϕ 2 )/Tors(H(G; ϕ 1 , ϕ 2 )) → H be the surjective homomorphism in the exact sequence (23). Then Ψ 1 |Γ is injective and clearly Ψ 1 (Γ) has finite index in H, which in turn is a subgroup of finite index in a direct product of orbifold surface groups. From the general properties of orbifold surface groups, we find a normal subgroup H 1 ≤ H of finite index, which is isomorphic to the direct product of two surface groups. We set Γ 1 := Ψ −1 1 (H 1 ) ∩ Γ. Then Γ satisfies: i) Γ 1 is a normal subgroup of finite index in H(G; ϕ 1 , ϕ 2 )/Tors(H(G; ϕ 1 , ϕ 2 )), ii) Γ 1 is isomorphic to the direct product of two surface groups. This proves theorem 4.1.
The classification of standard isotrivial fibrations
with p g = q = 0 where X = (C 1 × C 2 )/G has rational double points
In this section we will give a complete classification of the surfaces S occurring as the minimal resolution of singularities of a surface X := (C 1 × C 2 )/G, where G is a finite group with an unmixed action on a product of smooth projective curves C 1 × C 2 of respective genera g 1 , g 2 ≥ 2, and such that i) X has only rational double points as singularities, ii) p g (S) = q(S) = 0. We denote by ρ : S → X the minimal resolution of singularities.
Remark 5.1. 1) Note that the assumption g i ≥ 2 is equivalent to S being of general type. In fact, K S = ρ * K X is nef, and
> 0, whence S is a minimal surface of general type. 2) The analogous situation, with the assumption ii) replaced by p g = q = 1, has been classified by F. Polizzi in [Pol] . 3) Recall once more that a cyclic quotient singularity is a rational double point if and only if it is of type A n , for n ∈ N.
5.1. The singularities of X. The aim of this section is to prove that in fact (under the above hypotheses) X has only ordinary double points (i.e., singularities of type A 1 ). More precisely, the number of nodes can be only 0, 2, 4 or 6. This fact is essentially due to the assumption χ(S) = 1 − q(S) + p g (S) = 1, as already observed in [Pol] .
We use the following lemma (a more general result on standard isotrivial fibrations with singularities was communicated to the fourth author by F. Polizzi).
Lemma 5.2. Let C 1 , C 2 be two compact Riemann surfaces, and let G be a finite group with an unmixed action on C 1 × C 2 . Consider the surface X := C 1 × C 2 /G, and its minimal resolution of singularities ρ : S → X. Let F be the reduced fibre of the natural map p 1 : X → C 1 /G (it is a Weil divisor), and letF be the strict transform of F . Assume that all singular points of X on F are of type A n , and denote for each point p in F the corresponding "index" by n(p). Then
By assumption, for each p ∈ F ∩ Sing(X), the exceptional divisor of ρ mapping to p is union of n(p) rational curves, say E 1 , . . . , E n(p) , with E 2 i = −2, E i E i+1 = 1, and E i ∩ E j = ∅ if |i − j| > 1. By Serrano's theorem (cf. [Ser] , (2.1)), we can assumeF E i = 0 for each i < n(p) andF E n(p) = 1.
The following immediate consequence of the above is an improvement of [Pol] , prop. (4.1).
Corollary 5.3. Assume that X := C 1 × C 2 /G has only rational double points as singularities and that χ(O X ) = 1. Then X has t := 8 − K 2 X ordinary double points as singularities. Moreover, t is even.
Proof. By lemma 5.2, considering all the fibres through the singular points,
or, equivalently
By [Pol] , proposition 4.1, either i) X has only nodes, or ii) X has two A 3 singularities, or iii) X has two A 3 singularities and two nodes. The last two cases contradict (24), the sum being respectively . We conclude that X has only nodes and, again by (24) , that their cardinality is even.
Note that (cf. 2.7)
By Noether's formula
and it follows that K 2 S = 8 − t.
The case t = 0, i.e., G acts freely on C 1 ×C 2 , was completely classified in [BCG08] . Therefore we will assume in the following t > 0.
5.2. The signatures. We know that X determines the following data
• two orbifold surface groups
• two appropriate homomorphisms ϕ i : T i → G, such that the stabilizers fulfil certain conditions ensuring that X has only 2, 4 or 6 nodes respectively. The assumption q = 0 implies that C i /G is rational, i.e., g
We will use the combinatorial restriction forced by the assumption χ(S) = 1, and the conditions on the singularities of X in order to determine the possible signatures T 1 = (m 1 , . . . , m r ), T 2 = (n 1 , . . . , n s ) of the respective polygonal groups. We associate to an r-tuple T 1 the following numbers:
and similarly we associate Θ 2 and α 2 to T 2 . The geometric meaning of α i is given by Hurwitz' formula.
Lemma 5.5. α 1 = g 2 − 1, α 2 = g 1 − 1, and |G| =
Proof. Hurwitz' formula applied to p 1 (and similarly for p 2 ) gives
Therefore by (25)and (26), we obtain
and similarly α 2 = g 1 − 1. In particular, |G| =
Remark 5.6. Note that the above lemma implies that, ∀i, α i ∈ N. As we shall see, this is a strong restriction on the set of possible signatures.
The following is essentially already contained in prop. (3.7) and (4.3) of [Pol] . Proof. Consider as usual p 1 : X → C ′ 1 := C 1 /G. Fix m i in T 1 and let h i ∈ G be the image of c i ∈ T 1 under ϕ 1 . Then h i determines a point q i ∈ C 1 /G, image of the points stabilized by h i . Now, p * 1 (q i ) = m i W i for some irreducible Weil divisor W i . It follows that the intersection number of K X with a fibre F , which equals on one side 2g 2 − 2 = 2α 1 , can be written as m i W i · K X . We conclude since K X is Cartier, whence W i · K X is an integer (cf. [Fulton84] ).
If C 2 → C 2 /h i ∼ = W i isétale, then, by Hurwitz' formula, m i divides α 1 . Else h i has order = 2d and its d-th power stabilizes some points of C 2 , and therefore W i passes through some nodes of X. By lemma (5.2) (for F = W i ), sinceF 2 ∈ Z there are at least two nodes on W i , whence this can happen for at most In other words we are looking for a priori possible signatures of polygonal groups giving rise to standard isotrivial fibrations with p g = q = 0, and t nodes.
In order to write a MAGMA script to list all the possible candidates for the signatures, we still have to give effective bounds for the numbers r and m i . The following lemma will do this.
Lemma 5.8. Let t ∈ {2, 4, 6} and assume that (m 1 , . . . , m r ) is a sequence of integers m i ≥ 2 fulfilling conditions i), and ii) above. Then we have: 1) r ≤ 7 (i.e., p 1 (resp. p 2 ) has at most 7 branch points); 2) for all i we have m i ≤ 3(10 − t).
, a contradiction. 2) We can assume m 1 ≥ m i for all i. We want to show that m 1 ≤ 3(10 − t). Note that r ≥ 3, since α (and therefore also Θ) is positive. For the same reason, if r = 3, at most one m i can be equal to 2. Therefore it holds Θ + 1
which can be written as m 1 ≤ 6(1 + Θm 1 ). Since, by condition ii), m 1 ≤ 2α, we conclude m 1 ≤ 6(1 + 2αΘ) = 6 1 + 8 − t 2
The MAGMA script ListOfTypes lists all signatures fulfilling conditions i), ii), iii): see table 2. (2, 3, 7) becomes (1, 1, 1, 1, 2, 3, 7).
5.3.
The possible groups G. For each surface X = (C 1 ×C 2 )/G with p g = q = 0 and nodes as above we have two associated signatures T 1 and T 2 , such that G is quotient of the corresponding polygonal groups. Moreover, as shown by lemma 5.5, the order of the group depends only on T 1 , T 2 and K 2 := K 2 X = 8 − t. Having found, for each possible K 2 , a finite list of possible signatures, we have then only finitely many groups to consider.
We proceed now using three MAGMA functions. The first one, ElsOfOrd, lists all elements of a given order in a finite group. The second one, ExistSphericalGenerators, determines whether a finite group is a quotient of a polygonal group of given signature. Finally, ListGroups computes, for each K 2 , all possible triples (T 1 , T 2 , G), where G is a group of order |G| = 8α 1 α 2 K 2 , which is a quotient of both polygonal groups of respective signatures T 1 , T 2 .
The code skips also the case |G| = 1152, since there are more than 10 6 groups of this order and this causes extreme computational complexity. Actually, we shall see that all the cases that our code skips, do not occur. |G| = 1024: This case is excluded by computing the group orders which are compatible with the outputs of ListOfTypes (see table 2 ). |G| = 1152: Looking again at the outputs of ListOfTypes, this can happen only in one case: 2, 3, 8) .
Since the abelianization of T (2, 3, 8) is Z/2Z, the abelianization of G can have order at most 2. The MAGMA smallgroup database shows that there are exactly 44 groups of order 1152 with abelianization of order at most 2. This is a short list for which it can easily be checked that none of these groups is quotient of T(0; 2, 3, 8) . |G| > 2000: This can happen in 6 cases, all with T 1 = (2, 3, 7). More precisely we have: 2, 3, 7) or (2, 3, 8) , or • K 2 = 6, and T 2 one of the following: (2, 3, 7) , (2, 3, 8) , (2, 3, 9) , (2, 4, 5) .
Since each quotient of T(0; 2, 3, 7) is a perfect group we can look at the MAGMA database of perfect groups, which is complete up to order 50000. Table 2 gives that |G|, in the six respective cases, is one of the numbers 3528, 2016, 5292, 3024, 2268, and 2520 . But there is only one perfect group having order equal to one of these numbers, namely, A 7 ; a quick verification shows that A 7 is not a quotient of T(0; 2, 3, 7).
5.4. The surfaces. We have now, for each value K 2 = 2, 4, 6, a finite list of triples (T 1 , T 2 , G) such that T 1 and T 2 fulfill the numerical conditions i), ii), iii), G has the order prescribed by lemma 5.5 and is a quotient of both polygonal groups T 1 and T 2 associated to the signatures T 1 and T 2 .
To each of those triples correspond many families of surfaces, one for each pair of appropriate homomorphisms
We construct these families varying (here
, and choosing respective standard bases for the fundamental groups π 1 (P 1 \B i ). Then we use Riemann's existence theorem to construct the two curves C 1 and C 2 with an action of G of respective signatures T 1 and T 2 , we finally consider
Observe that, since C ′ i = P 1 , any appropriate homomorphism of T i to G is completely determined by a so called spherical system of generators of G of signature T i , i.e., in the case of T 1 , a sequence of elements h 1 , . . . h r which generate G, satisfy h 1 · . . . · h r = 1, and fulfill moreover ord(h i ) = m i . It turns out that most of these surfaces have too many or too bad singularities, and we only take into consideration the surfaces whose singular locus consists of exactly t = 8 − K 2 nodes. However, different pairs of appropriate homomorphisms can yield the same family of surfaces, due to the different choices of a standard basis: this is taking into account by declaring that two pairs of appropriate homomorphisms are equivalent if they are in the same orbit of the natural action of Aut(G) (by composition) and of the respective braid groups (the second equivalence relation is generated by the so-called Hurwitz moves, cf. ).
We determine our equivalence classes as follows: FSGUpToConjugation finds all possible systems of spherical generators of a group G which are of the prescribed signature (first modulo inner automorphisms, in order to reduce the memory load). CheckSings uses FSGUpToConjugation to produce all possible pairs of spherical generators of a group which are of the prescribed signatures. It then proceeds to verify whether such pairs yields a surface with the right number of nodes and no further singularities, interrupting the computation as soon as it finds a pair, which fulfills these conditions. ExistingNodalSurfaces gives as output, for each K 2 , all possible triples (T 1 , T 2 , G) which yield a nodal surface with the right number of nodes, simply by running CheckSings on the output of ListGroups. It gives 7 possible triples (T 1 , T 2 , G) in the case K 2 = 2, 11 possible triples in the case K 2 = 4 and 6 possible triples in the case K 2 = 6. These results are listed in table 3 and, more precisely, in the first 6 columns, showing respectively K 2 , T 1 , T 2 , g 1 , g 2 and the group G. The corresponding families of surfaces have dimension equal to r + s − 6 = #T 1 + #T 2 − 6.
To find all the irreducible families corresponding to a given triple we write a script which determines all possible equivalence classes for pairs of spherical systems of generators, producing one representative for each class.
Subroutines are: AutGr, which describes the group of automorphisms of G (as a concrete set), HurwitzMove, which performs Hurwitz moves on a sequence of elements of a group, and HurwitzOrbit which determines the whole orbit for the action of HurwitzMove on a sequence of elements of a group, and gives as outputs ( in order to save on memory) sequences of elements whose corresponding sequence of orders is non decreasing.
We wrote moreover: SphGens, which lists all possible sets of spherical generators of a group of prescribed types, and CheckSingsEl, which checks if two given sequences of spherical generators of a group give exactly the prescribed singularities. Finally, FindAllComponents, considers for each group and pair of signatures all the possible pairs of systems spherical generators of the given signatures, partitions them in orbits for the given equivalence relation by using HurwitzOrbit and AutGr, saves only one representative for each orbit and returns it, if it passes the singularity test CheckSingsEl.
1
Running FindAllComponents on the 24 triples given by ExistingNodalSurfaces, we have found only one family in 21 cases and two families in the remaining three cases. The number of families found is written in the seventh column of the table 3. Finally, we compute a 1 For the reader who wishes to have a look at the scripts: since we found that r, s ≤ 5, the signatures are now written as sequences of 5 numbers (instead of 7 as before). For instance, (2, 3, 7) is now written as (1, 1, 2, 3, 7). Except for the last two all the groups appearing as fundamental groups are polycyclic by finite. The groups in line 10 and 16 of table 3 have the same commutator quotient and also the same commutator subgroup, but they are not isomorphic. This can be seen by computing the number of their subgroups of index 6. The groups in line 8 and 14 are isomorphic because they come with the same presentation. We do not know whether the groups in lines 17 and 18 are isomorphic or not. We report that the isomorphism problem for polycyclic by finite groups is decidable ([Se90] ).
Some examples with triple points
In this short section, we construct some examples of standard isotrivial fibrations S → X := (C 1 × C 2 )/G with p g = q = 0, which do not appear in our classification, because the singular model X has triple points. These surfaces can be completely classified; this will be done in a forthcoming paper. We get the following examples: G K 2 signature of generators p g π 1 (S) A 5 2 (3, 3, 5) , (2, 2, 2, 3) 0 (Z/2Z)
2
A 5 5 (3, 5, 5) , (2, 2, 2, 3) 0 π 1 infinite P SL(2, 7) 1 (2, 3, 7) , (3, 4, 4) 0 Z/2Z P SL(2, 7) 4 (3, 3, 4) , (3, 3, 7) 1 0 The last surface in the above table is simply connected, but has p g = 1.
We omit the straightforward calculations that the following systems of spherical generators of the group G give a standard isotrivial fibration with the invariants appearing in the above table.
A 5 : 1) Signature = [ (3, 3, 5) ; (2, 2, 2, 3) ]:
